Abstract-Simultaneous Multi-Slice (SMS) magnetic resonance imaging (MRI) is a rapidly evolving technique for increasing imaging speed. Controlled aliasing techniques utilize periodic undersampling patterns to help mitigate the loss in signal-to-noise ratio (SNR) in SMS MRI. To evaluate the performance of different undersampling patterns, a quantitative description of the image SNR loss is needed. Additionally, eddy current effects in echo planar imaging (EPI) lead to slice-specific Nyquist ghosting artifacts. These artifacts cannot be accurately corrected for each individual slice before or after slice-unaliasing. In this work, we propose a hybrid-space sensitivity encoding (SENSE) reconstruction framework for SMS MRI by adopting a three-dimensional representation of the SMS acquisition. Analytical SNR loss maps are derived for SMS acquisitions with arbitrary phase encoding undersampling patterns. Moreover, we propose a matrix-decoding correction method that corrects the slice-specific Nyquist ghosting artifacts in SMS EPI acquisitions. Brain images demonstrate that the proposed hybrid-space SENSE reconstruction generates images with comparable quality to commonly used split-slice-generalized autocalibrating partially parallel acquisition reconstruction. The analytical SNR loss maps agree with those calculated by a Monte Carlo based method, but require less computation time for high quality maps. The analytical maps enable a fair comparison between the performances of coherent and incoherent SMS undersampling patterns. Phantom and brain SMS EPI images show that the matrix-decoding method performs better than the single-slice and slice-averaged Nyquist ghosting correction methods under the hybrid-space SENSE reconstruction framework.
Abstract-Simultaneous Multi-Slice (SMS) magnetic resonance imaging (MRI) is a rapidly evolving technique for increasing imaging speed. Controlled aliasing techniques utilize periodic undersampling patterns to help mitigate the loss in signal-to-noise ratio (SNR) in SMS MRI. To evaluate the performance of different undersampling patterns, a quantitative description of the image SNR loss is needed. Additionally, eddy current effects in echo planar imaging (EPI) lead to slice-specific Nyquist ghosting artifacts. These artifacts cannot be accurately corrected for each individual slice before or after slice-unaliasing. In this work, we propose a hybrid-space sensitivity encoding (SENSE) reconstruction framework for SMS MRI by adopting a three-dimensional representation of the SMS acquisition. Analytical SNR loss maps are derived for SMS acquisitions with arbitrary phase encoding undersampling patterns. Moreover, we propose a matrix-decoding correction method that corrects the slice-specific Nyquist ghosting artifacts in SMS EPI acquisitions. Brain images demonstrate that the proposed hybrid-space SENSE reconstruction generates images with comparable quality to commonly used split-slice-generalized autocalibrating partially parallel acquisition reconstruction. The analytical SNR loss maps agree with those calculated by a Monte Carlo based method, but require less computation time for high quality maps. The analytical maps enable a fair comparison between the performances of coherent and incoherent SMS undersampling patterns. Phantom and brain SMS EPI images show that the matrix-decoding method performs better than the single-slice and slice-averaged Nyquist ghosting correction methods under the hybrid-space SENSE reconstruction framework.
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I. INTRODUCTION
S
IMULTANEOUS multi-slice (SMS) imaging is becoming increasingly popular because it enables acceleration along the slice dimension in addition to the in-plane dimension [1] - [5] . SMS accelerated echo planar imaging (EPI) has been widely applied to functional and diffusion-weighted brain imaging to achieve shorter scan time, larger brain coverage, higher spatial resolution, faster temporal sampling rate, or a combination of the above [6] - [8] .
The most widely used algorithm to reconstruct the SMS images is the slice-generalized autocalibrating partially parallel acquisition (slice-GRAPPA) algorithm [5] , [9] , or its more recent version with improved interslice leakage artifact reduction, the split-slice-GRAPPA algorithm [10] . Another reconstruction algorithm is adapted from the SENSE/GRAPPA combination for three-dimensional (3D) imaging [4] , [11] - [14] . By adopting a 3D representation of the SMS acquisition [15] , [16] , two-dimensional GRAPPA (2D-GRAPPA) [15] , [17] and two-dimensional sensitivity encoding (2D-SENSE) [18] , [19] can also be used to reconstruct SMS images.
A commonly used metric to evaluate the signal-to-noise ratio (SNR) loss in SMS acquisitions is the geometry-factor ( -factor) [20] , or its reciprocal, the retained SNR [5] . The -factor maps are usually calculated by the pseudo multiple replica method [5] , [21] , [22] , which reconstructs synthesized repeated acquisitions. Analytical -factor maps can also be calculated under the GRAPPA [23] or the 2D-SENSE [19] reconstruction frameworks, but such reconstructions are only applicable to acquisitions with periodic undersampling patterns such as controlled aliasing in parallel imaging (CAIPI) [5] , [24] , [25] .
Alternative SMS undersampling patterns, such as the multislice acquisition with incoherent aliasing (MICA) [26] and the zigzag [16] patterns, have also been introduced. A generic reconstruction and -factor calculation method is needed to reconstruct and compare arbitrary SMS undersampling patterns. A generalized SENSE reconstruction is a good candidate for such purpose because it can handle arbitrary -space trajectories [27] . Its high computational cost can be reduced by first transforming the data into the spatial domain along the fully sampled -space dimension then performing the reconstruction in the hybrid-space. This idea is explored for conventional single-slice image reconstruction in an approach called sensitivity profiles from an array of coils for encoding and reconstruction in parallel (SPACE RIP) [28] . Generalized SENSE and SPACE RIP provide a foundation for the proposed work.
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Additionally, the eddy current effects in EPI lead to slice-specific Nyquist ghosting artifacts, which can be accurately corrected only during the slice unaliasing process [29] . Applying an odd/even residual ghosting correction after slice unaliasing [4] introduces minor improvements [30] . For further improvements, one can apply two sets of interpolation kernels for the odd and even phase encoding ( ) lines in the split-slice-GRAPPA [30] or adapted SENSE/GRAPPA combination [31] reconstruction. We will refer to split-slice-GRAPPA with such kernel fittings as the odd/even split-slice-GRAPPA.
In this work, we propose a generic hybrid-space sensitivity encoding (hybrid-space SENSE) reconstruction framework for SMS acquisition with arbitrary phase encoding undersampling pattern. Based on our reconstruction framework, analytical -factor maps can be derived to evaluate the SNR performances of both periodic and incoherent undersampling patterns. Extending the proposed reconstruction model, we further propose a "matrix-decoding" correction method for SMS EPI to accurately correct the slice-specific Nyquist ghosting artifacts. Brain and phantom images are shown to validate the proposed methods.
II. HYBRID-SPACE SENSE
The 3D representation of SMS acquisitions [15] , [16] is adopted to illustrate the hybrid-space SENSE [27] reconstruction. , and denote the frequency encoding, the phase encoding and the slice directions, respectively. , and are the corresponding spatial frequencies. In the 3D view, an SMS acquisition fully samples the dimension and undersamples the -plane.
The hybrid-space SENSE reconstruction can be thought of as an extension to SPACE RIP [28] by including an additional slice dimension. First, a 1D inverse Fast Fourier Transform (iFFT) is conducted along to transform the 3D data into --space, as depicted in Fig. 1(a) and (b). There is an undersampledplane for each fixed . Assuming there are receiving coils, the signal acquired by the -th coil is as follows:
(1) where and denote the echo index and the total number of echoes on the -plane, is the number of pixels in , is the number of simultaneous slices, is the unknown magnetization and represents the receiving sensitivity of the -th coil.
The undersampling pattern on the -plane is determined by and . For a CAIPI [5] , [24] acquisition with shift between adjacent slices and no in-plane acceleration, and , where is the modulus operation and is the field of view in . With in-plane acceleration or partial Fourier acquisition, , otherwise, . Here, in-plane acceleration means that the lines are skipped at regular intervals such that at a skipped position there are no samples at any position. To solve the unknown magnetization, (1) is written into matrix form, (2) where contains the measured data and is the encoding matrix formed by coil sensitivities and -phase encodings. The unknown magnetization for , , can be solved as a Tikhonov regularized least-squares problem,
where indicates the transposed complex conjugate, is a Tikhonov regularization factor and is an identity matrix.
Finally, the 3D magnetization is reconstructed by performing (3) for every value of .
III. ANALYTICAL -FACTOR
-factor is a widely used metric to quantify the noise amplification in parallel imaging techniques [5] , [20] , [23] , [27] , [32] - [35] . It is useful for comparing between data sampling schemes [23] , [34] , reconstruction methods [23] , [33] , [34] and clinical imaging protocols [35] . In this section, analytical -factor [20] is derived for an SMS acquisition with an arbitrary phase encoding undersampling pattern [36] .
The -factor for the -th pixel in the reconstructed SMS images is (5) where represents the -th diagonal element in the image noise covariance matrix and is the data reduction factor.
The image noise covariance matrix in (5) is derived by propagating noise through the reconstruction process. Generally, after a linear reconstruction step , the noise covariance matrix of the reconstructed vector is (6) The following subsections will track the noise propagation in each step of the hybrid-space SENSE reconstruction pipeline. A final image noise covariance matrix will be derived to be used ) and a single-slice (SS) acquisition ( ) to calculate the analytical -factor. Please refer to the manuscript text for specific definitions of the matrices shown. in (5) . A schematic plot for the calculation process is displayed in Fig. 2 .
A. 1D Inverse FFT
The first step in the hybrid-space SENSE reconstruction is a 1D inverse FFT along . We write the acquired points into a vector . The noise at different positions are independently identically distributed (IID). The data whitening operation, which will be described in detail later in Section III-B, scales the variance of the noise to one. The noise covariance matrix of is therefore an identity matrix,
The 1D inverse FFT operation is (8) where is a forward FFT matrix, denotes the complex conjugate and contains the points along . The noise covariance matrix becomes (9) Equation (9) indicates that the noise at different positions is IID.
B. Geometric-Decomposition Coil Compression
Geometric-decomposition coil compression (GCC) [37] compresses multi-coil data in coils into a small number of virtual coils and speeds up the reconstruction. Data whitening can be conducted before GCC to transform the data into a set of coils in which the noise is IID [37] . Assume the zero mean Gaussian random noise in the receiving coils has a covariance matrix . Due to the fact that GCC is conducted in a sequence of different positions and the noise at different positions is IID, the noise propagation at different positions can be tracked independently. For a fixed ( ), assume contains the raw -space data in the coils, then the data whitening operation is , where contains data after the operation. The covariance matrix of the noise in the coils becomes an identity matrix,
The GCC operation is (11) where is the coil compression matrix for and contains data in the compressed coils. The noise covariance matrix of is (if using GCC) (if not using GCC) (12)
C. Solving Sensitivity and -Phase Encodings
The last step in the hybrid-space SENSE reconstruction is to solve the sensitivity and -phase encodings. Because this step is conducted in a sequence of different positions and the noise at different positions are independent, the noise propagation at different positions can be tracked independently. For a fixed ( ), write data from all echoes and all coils into a vector . Since the noise in the echoes is IID, the noise covariance matrix of is (13) where denotes the Kronecker product.
The reconstruction step, as illustrated in (3), is , where contains the final reconstructed single-slice images and is the reconstruction matrix for . The final image noise covariance matrix for is (14) The square root of the diagonal elements of represent the noise levels in the reconstructed image pixels. They are used to calculate the -factor values for .
D. Calculation of Analytical -Factor
A conventional single-slice acquisition that applies the same in-plane acceleration as the SMS acquisition can be used as the reference full acquisition for calculating the analytical -factor. The corresponding data reduction factor is . At a specific slice location ( ) and for a fixed , the image noise covariance matrix for a conventional single-slice acquisition can be derived similarly to the above SMS case. Here, the number of simultaneous slices is one and all -space echoes are acquired at . The final reconstruction step is , where contains the final reconstructed single-slice images and is the reconstruction matrix. Because the noise propagation in a single-slice acquisition is identical to that in an SMS acquisition before the final reconstruction step, we have . The final image noise covariance matrix for is (15) The square root of the diagonal elements of represent the noise levels in the reconstructed image pixels. The analytical -factor values for are (16) where is the largest integer not greater than and is the modulus operation. By repeating this process for each value of , a -factor map for the reconstructed simultaneous slices is obtained.
For the above case where the reference full acquisition is a single-slice acquisition with the same in-plane acceleration as the SMS acquisition, the calculated -factor map reflects the SNR loss only from the slice acceleration. A -factor map that reflects the overall SNR loss can be calculated similarly by using a fully-sampled single-slice acquisition as the reference full acquisition and by setting the data reduction factor to equal the in-plane acceleration factor.
E. Consideration of Correlated Noise at Different Positions
The noise at different positions may be correlated in some cases, for example, when ramp sampling is used with the readout gradient. Appendix A in the supplementary materials 1 shows that in such cases the noise propagation at different positions can still be calculated independently and the proposed -factor calculation method is still valid.
IV. MATRIX-DECODING NYQUIST GHOSTING CORRECTION
In this section, we introduce a "matrix-decoding" Nyquist ghosting correction algorithm that corrects the slice-specific Nyquist ghosting artifacts in SMS EPI [38] . In EPI acquisitions, field inhomogeneities and the eddy current effects associated with the bipolar readout gradients cause echo shift and phase mismatch between the odd and even echoes. These effects in -space cause Nyquist ghosting artifacts in image space. An example of such echo shift is shown in Fig. 3(a) with a CAIPI -undersampling pattern. In Fig. 3(a) , all -space data are acquired with one echo train and the echo indices are denoted on the acquired -space lines. The odd and even echoes are acquired with positive and negative readout gradient lobes respectively and are shifted towards and respectively. Properties of the Fourier transform indicate that an echo shift and a constant phase term along correspond to a linear phase ramp along . In the hybrid --space, therefore, the odd and even echoes exhibit linear phase ramps along with positive and negative slopes respectively. This is depicted in Fig. 3(b) . By transforming the -space data into the --space and correcting these linear phase ramps along x, the corresponding Nyquist ghosting artifacts in the image space can be corrected. An estimation of the linear phase ramps is obtained from a reference scan with all phase encoding gradients turned off [39] . The linear phase ramp is both echo ( ) and slice ( ) specific [29] , [40] .
A conventional Nyquist ghosting correction method for SMS EPI assumes that the individual slices exhibit the same Nyquist ghosting artifacts and the linear phase ramp is slice independent. The multiband data are corrected with before slice-unaliasing. Either a single-band or a multiband radiofrequency (RF) pulse can be used in the reference scan to get an estimation of . When a single-band RF pulse is applied, the estimated corresponds to the ghosting artifacts in one of the simultaneous slices and we refer to such conventional Nyquist ghosting correction as the "single-slice" correction; When a multiband RF pulse is used, corresponds to an averaged effect across the simultaneous slices and we call the corresponding correction "slice-averaged" correction.
To correct the slice-specific Nyquist ghosting artifacts, the "matrix-decoding" algorithm incorporates the echo and slice specific linear phase ramp into the signal equation. This algorithm requires an estimation of the slice-dependent , which can be obtained from a single-slice reference scan covering each one of the simultaneous slices. The signal equation for a fixed after a 1D inverse FFT becomes (Fig. 3(b) ) (17) Equation (17) is identical to (1) except for the phase term that causes the Nyquist ghosting artifacts in the individual slices. Equation (2), with the additional phase term added to the encoding matrix , can be used as a matrix form for (17) . The 3D magnetization is reconstructed by performing (3) for each point along . In this process, parallel imaging reconstruction and slice-specific Nyquist ghosting correction are conducted together in one single step.
The above generic matrix-decoding algorithm is applicable to SMS EPI acquisitions with arbitrary -undersampling patterns. For special undersampling patterns where the dimension is fully sampled, the matrix-decoding operations may become faster if being conducted independently before the parallel imaging reconstruction. Fig. 3(c) and (d) depicts one example for this case with fully sampled and 2 undersampled . The figure setups are analogous to those of Fig. 3(a) and (b). After transforming the -space data into --space, as shown in Fig. 3(d) , there are acquired points along the dimension for each pair of . The measured signal in the hybrid --space is (18) As long as , the unknown magnetization in the hybrid --space, , can be solved by inverting the encoding matrix. For data in each coil, the Nyquist ghosting artifacts in the individual slices are corrected and the encoding is solved by such matrix-decoding operations. If is undersampled, parallel imaging reconstruction is conducted as an additional step after all matrix-decoding operations to recover the missing lines.
V. METHODS
A single-shot SMS EPI sequence is implemented on a GE 3T MR750 scanner (GE Healthcare, Waukesha, WI). For slice encoding, gradient blips along are played out concurrently with those along . At the beginning of the sequence, a set of fully sampled 3D SMS EPI data is acquired as the calibration data. For acquisitions with in-plane acceleration, the calibration data are acquired using a multishot scheme so that the echo train length matches between the calibration and accelerated data. A Hanning windowed sinc is modulated into a multiband RF pulse for signal excitation. A 32-channel head coil (Nova Medical, Wilmington, MA) is used for signal reception. The coil noise covariance matrix is estimated from 4096 noise data points saved during the prescan procedure. Ramp sampling is used for the EPI readouts. Reference scan data for Nyquist ghosting correction are acquired with all phase encoding blips turned off. In vivo experiments on healthy volunteers are approved by our university's institutional review board.
Image reconstruction is performed offline in Matlab (the MathWorks, Natick, MA) on a 64-bit Linux workstation equipped with four Intel Xeon E5-4650 2.7GHz central processing units and 768 GB random access memory. Before reconstruction, GCC [37] is applied to compress the 32 coils into 10 coils. Non-cropped receiving coil sensitivity maps are estimated slice by slice from the coil-compressed calibration data using an eigenvalue approach [32] with a 6 6 kernel and a 64 64 calibration area. Because the calculated coil sensitivities are intrinsically normalized by the square root of sum of squares (SOS) combination of the true sensitivities, the intensity of the reconstructed image is weighted by this SOS coil combination. Although intensity correction can be conducted after the reconstruction as a post-processing step [41] , [42] , it is not carried out because it is independent of the proposed methods. The Tikhonov regularization factor for hybrid-space SENSE is empirically set to , where denotes the Frobenius norm, is the encoding matrix and is the number of unknowns in the linear equations, i.e., the size of the second dimension of matrix . When calculating the analytical -factor maps, ramp sampling correction is also included in the noise propagation in addition to the steps discussed in Section III. As a reference reconstruction method, split-slice-GRAPPA is conducted with a 7 7 kernel and the full matrix as the calibration area. The split-slice-GRAPPA kernels are regularized by Tikhonov regularization with an empirical regularization factor of , where is the source calibration data matrix and is the number of unknown kernel coefficients, i.e., the size of the second dimension of matrix . Coil images reconstructed by split-slice-GRAPPA are combined by an SOS operation. As a reference -factor quantification method, the pseudo multiple replica simulation is conducted.
The linear phase ramps needed for correcting the Nyquist ghosting artifacts are estimated from the reference scan data using weighted least-squares fitting [43] . The single-slice or slice-averaged Nyquist ghosting correction is performed before the ramp sampling correction. Appendix B in the supplementary materials shows that a single-slice or slice-averaged Nyquist ghosting correction imposes no effects on the sample noise covariance matrix, assuming data whitening has been performed. Because of this, such operations are omitted when calculating the analytical -factor maps. For the matrix-decoding Nyquist ghosting correction, a single-slice ghosting correction is first performed before the ramp sampling correction, then the residual eddy current effects are corrected by the matrix decoding approach after the ramp sampling correction. When applying the matrix-decoding approach to fully sampled SMS calibration data, (18) is used to set up the encoding matrix because the computation is faster than using (17) . As a reference Nyquist ghosting correction method for CAIPI acquisitions, odd/even split-slice-GRAPPA is conducted.
Detailed acquisition parameters for all data sets are summarized in Table I .
A. Data Set 1
To compare hybrid-space SENSE reconstruction with splitslice-GRAPPA, single-slice brain data are acquired with a standard fast spoiled gradient echo sequence to provide ground truth for simulation. The single-slice data are used to simulate 2 slice and no in-plane accelerated CAIPI data with shift between the simultaneous slices. Distance between simulated simultaneous slices is 72 mm.
B. Data Set 2
To demonstrate the ability of hybrid-space SENSE to reconstruct SMS EPI data with partial Fourier acquisition, brain images are acquired by the SMS EPI sequence with a 6 slice accelerated CAIPI undersampling pattern. Matrix size is 100 100. Partial Fourier is used to acquire 70 lines. An iterative projection onto convex set [44] algorithm is conducted after the parallel imaging reconstruction to recover the lines missing from the partial Fourier acquisition.
C. Data Set 3
To demonstrate that hybrid-space SENSE can reconstruct SMS data with in-plane acceleration and to compare the analytical maps with the pseudo multiple replica -factor maps, brain images are acquired by the SMS EPI sequence with a 3 slice and 2 in-plane accelerated CAIPI undersampling pattern. The calibration data are used to compute -factor maps.
D. Data Set 4
To demonstrate that the analytical -factor calculation is applicable to arbitrary SMS -undersampling pattern, a singleslice data set is acquired by the EPI sequence. Sensitivity maps derived from this data set are used to compute analytical -factor maps for both periodic CAIPI patterns and randomized MICA patterns. The MICA traversal trajectory samples uniformly distributed points on the interval, and the order to take the samples is a bit-reversal permutation of the echo indices . The traversal of MICA is the same as that of a conventional EPI acquisition. 
E. Data Set 5
To validate the matrix-decoding Nyquist ghosting correction method, axial phantom images are acquired by the SMS EPI sequence with a 2 slice accelerated MICA undersampling pattern. A large FOV of 36 cm is used so that some ghosting artifacts fall outside of the phantom. Phantom instead of in vivo data are acquired so that no physiological noise will confound the appearance of the residual ghosting.
F. Data Set 6
To show the performance of the matrix-decoding method at a higher slice acceleration factor and with a different slice orientation, sagittal phantom images are acquired by the SMS EPI sequence with a 5 slice accelerated CAIPI undersampling pattern. Phantom instead of in vivo data are acquired in this case because elevated background noise at such acceleration factor would make the residual Nyquist ghosting artifacts hard to observe on in vivo images.
G. Data Set 7
To demonstrate the in vivo performance of the matrix-decoding method, brain images are acquired by the SMS EPI sequence with a 2 slice accelerated CAIPI undersampling pattern. In the data whitening operation, only the diagonal elements of the coil noise covariance matrix are used because the full matrix is not available for this data set.
VI. RESULTS   Fig. 4 shows the reconstructed and difference images from the 2 slice accelerated CAIPI data simulated using data set 1. The relative root mean squared (RRMS) error [45] for the head region is displayed under each image. Neither the split-slice-GRAPPA nor the hybrid-space SENSE images exhibit obvious visual artifacts. The difference images for both methods are mostly noise-like inside the head region. The hybrid-space SENSE images exhibit RRMS errors less than 0.0150, which is comparable to the reconstruction errors using split-slice-GRAPPA. Fig. 5 displays the reconstructed images from data set 2, the CAIPI EPI acquisition with 6 slice, no in-plane acceleration and a partial Fourier acquisition. The split-slice-GRAPPA and hybrid-space SENSE reconstructions exhibit minor differences. The reconstruction time per group of simultaneous slices is approximately 18 s for split-slice-GRAPPA and 24 s for hybridspace SENSE. The times spent on the individual steps of the two reconstruction methods are summarized in Table S1 in the supplementary materials. Fig. 6 shows the reconstructed images and the corresponding retained SNR (i.e., one over -factor) maps for data set 3, the CAIPI EPI acquisition with 3 slice and 2 in-plane acceleration. The hybrid-space SENSE reconstruction exhibits no obvious visual artifacts, except signal dropout and image distortion intrinsic to EPI acquisitions. The analytical retained SNR maps that reflect the SNR loss from only slice acceleration agree with those from the pseudo multiple replica simulations. In contrast to the pseudo multiple replica maps, which become more Fig. 6 . Hybrid-space SENSE reconstructed images and retained SNR maps of a CAIPI acquisition with 3 slice and 2 in-plane acceleration. The analytical maps that reflect SNR loss from slice acceleration only are compared with maps calculated using pseudo multiple replica (PMR) simulation with either 50 or 500 replicas. In addition, analytical maps that reflect the overall SNR loss are also displayed.
accurate and less noisy with increased number of replicas [21] , the analytical maps are noiseless. The retained SNR value is therefore always below 100% in the analytical maps but may exceed 100% in the pseudo multiple replica maps. The retained SNR calculation for one group of simultaneous slices needs approximately 40 s for pseudo multiple replica with 50 replicas, 327 s for pseudo multiple replica with 500 replicas and 22 s for the analytical maps. Fig. 6 also displays analytical retained SNR maps reflecting the overall SNR loss. The overall SNR loss closely resembles the SNR loss from slice acceleration only, indicating that the 2 in-plane acceleration introduces small SNR loss except the loss from data reduction for this experimental setup. Additionally, Fig. S1 in the supplementary materials displays retained SNR maps for a MICA acquisition, demonstrating that the analytical maps agree with the maps calculated by the pseudo multiple replica simulation for MICA data. Fig. 7 displays the analytical retained SNR maps for three undersampling patterns: CAIPI with shift, CAIPI with shift and MICA with bit-reversal sampling. Retained SNR maps are computed using data set 4 for slice acceleration of 3 and 4 with no in-plane acceleration. Note that the -undersampling patterns are unrelated to the number of excited slices and are therefore identical for slice acceleration of 3 and 4. The displayed maps reflect the overall SNR loss, which comes solely from slice acceleration in this case. Fig. 7 demonstrates that the proposed analytical -factor calculation is compatible with arbitrary SMSundersampling pattern. Because the same sensitivity maps are shared, the differences in the resulting retained SNR maps lines. The MICA pattern takes samples along lines with a bit-reversal ordering. is the number of echoes on the -plane, which is 100 in this case. The corresponding singleslice image is displayed in the lower left corner for reference.
are attributed solely to the differences in the undersampling patterns. Fig. 8 shows the reconstructed axial phantom images from data set 5, the 2 slice accelerated MICA EPI data. The display window is adjusted so that the residual Nyquist ghosting artifacts are better visualized in the background. The same data set is reconstructed three times using hybrid-space SENSE with single-slice, slice-averaged and matrix-decoding Nyquist ghosting corrections, respectively. Split-slice-GRAPPA is not applicable to this data set. A residual Nyquist ghosting region of interest (ROI) is defined in each image and is denoted by a rectangle outside the phantom. The average signal level in the ghosting ROI is displayed next to the corresponding rectangle. The average ghosting level is calculated as a percentage of the average signal level in an ROI inside the phantom. The matrix-decoding method achieves the lowest residual ghosting level among the three correction methods for hybrid-space SENSE. The reconstructed images in Fig. 8 also demonstrate that the hybrid-space SENSE reconstruction and the matrix-decoding ghosting correction are both applicable to MICA acquisition with randomized -undersampling pattern. The additional phase term included in the signal model (17) for the matrix-decoding method is small and imposes little impact on the -factor performance, as demonstrated by Fig. S2 in the supplementary materials. Fig. 9 shows the reconstructed sagittal phantom images from data set 6, the 5 slice accelerated CAIPI EPI data. Three out of five simultaneous slices are displayed. The figure setup is similar to that of Fig. 8 . In addition to the three hybrid-space SENSE reconstructions, the same data set is also reconstructed by odd/even split-slice-GRAPPA. The average residual ghosting levels in the ghosting ROIs are displayed next to their corresponding ROI indicators. The matrix-decoding method achieves improved overall ghosting suppression than the single-slice and slice-averaged methods, although the performance of the slice-averaged method is close to the matrix-decoding method. The most improvement using the matrix-decoding method is seen in the 5th slice, which is the furthest away from and whose Nyquist ghosting is the most different from the middle slice. The odd/even split-slice-GRAPPA achieves the lowest residual ghosting level among all four methods. Fig. 10 shows the reconstructed axial brain images from data set 7, the 2 slice accelerated CAIPI EPI data. The figure setup is similar to that of Fig. 9 . The matrix-decoding method exhibits the lowest residual ghosting level among the three methods for hybrid-space SENSE reconstruction. The odd/even split-slice-GRAPPA reconstruction shows the lowest residual ghosting level among all four methods. 
VII. DISCUSSION
The present work demonstrates that a hybrid-space SENSE reconstruction can be used for SMS MRI. For CAIPI-type acquisition, the hybrid-space SENSE images exhibit comparable quality to the split-slice-GRAPPA images. In addition, hybridspace SENSE is a generic reconstruction that can handle arbitrary SMS -undersampling patterns, as long as the dimension is fully sampled. In principle, iterative reconstruction methods [27] , [33] , [46] , [47] can also be used for such reconstruction. However, based on conventional 2D reconstructions [27] , [33] , [46] , [47] , these iterative methods can be computationally expensive.
It is of wide interest to optimize the SMS undersampling pattern and further improve the reconstruction. Along this direction, we derived the analytical -factor, which is an essential tool for fair comparison of different SMS undersampling patterns. This method is compatible with arbitrary SMS -undersampling patterns, thus preventing bias to be introduced by different reconstruction methods in such comparisons. In addition, the analytical method is noise-free and faster than the pseudo multiple replica method to compute high quality -factor maps for the hybrid-space SENSE reconstruction. It can be envisioned that the analytical -factor maps may facilitate the design of dedicated receiving coils for SMS imaging, similar to what has been done in the conventional 2D imaging case [48] . Moreover, the hybrid-space SENSE reconstruction and the associated analytical -factor calculations are applicable to both EPI and non-EPI acquisitions, although the SMS sequence used in this paper is an EPI sequence.
Furthermore, the matrix-decoding method allows us to improve the Nyquist ghosting correction. This method is integrated into the hybrid-space SENSE reconstruction and provides a one step solution for image reconstruction and slice-specific ghosting correction. This method is also compatible with arbitrary SMS -undersampling patterns. In this paper, the method is demonstrated using non-periodic MICA and periodic CAIPI undersampling patterns. For the MICA pattern, the matrix-decoding method achieves the lowest residual ghosting within the hybrid-space SENSE framework and the odd/even split-slice-GRAPPA method cannot be applied due to incompatibility. For the CAIPI patterns, both the matrix-decoding method and odd/even split-slice-GRAPPA suppress the ghosting level to a few percent of the signal level in the image. Although odd/even split-slice-GRAPPA achieves the lowest residual artifacts, the matrix-decoding method still improves the ghosting correction compared to conventional methods for hybrid-space SENSE.
The residual Nyquist ghosting artifacts are easier to observe when the background noise is smaller. When the background noise level increases with the increase of acceleration factor or with the inclusion of in vivo physiological noise, the residual Nyquist ghosting may become hard to notice. Even though the residual Nyquist ghosting seems too small to cause any problems in some cases, it still contaminates the signal when the ghosting overlaps with the object. Therefore a more accurate ghosting correction algorithm is always preferred whenever possible. Interestingly, the performance of the slice-averaged correction appears better than that of the single-slice correction and is even close to that of the matrix-decoding correction at the 5 slice acceleration factor. It is worth noting that the slice-averaged correction utilizes a multiband RF pulse to collect the reference scan data for estimating the ghosting correction coefficients and its reference scan data would have higher SNR than the other two methods for a fixed set of scan parameters. Mathematically, the matrix-decoding method is always more accurate than the slice-averaged correction. Practically, the advantage of the matrix-decoding method is better appreciated at a lower slice acceleration factor when the multiband pulse gains less SNR for the slice-averaged reference scan data and the Nyquist ghosting artifacts are more different in the further apart simultaneous slices.
The matrix-decoding Nyquist ghosting correction needs a reference scan for each individual slice, making the reference scan acquisition time times that of a single-slice or slice-averaged correction, where is the number of simultaneous slices. Nevertheless the increase in the total scan time of a time series is negligible because the reference scan is conducted only once.
The matrix-decoding Nyquist ghosting correction method we proposed [38] has been adapted into an image space approach called ghost-correcting SENSE (GhC-SENSE), in which the slice-specific ghosting phase terms are included when solving the signal equations for two sets of coil images reconstructed separately from the odd and even echoes [34] . GhC-SENSE is only applicable to periodic CAIPI patterns. GhC-SENSE is also built on an additional assumption that the phase error that causes Nyquist ghosting artifacts oscillates between two exactly opposite values for odd and even echoes. This assumption may break down sometimes when not all odd (or even) echoes are well aligned [40] . When the additional assumption holds and when the SMS acquisition uses a periodic undersampling pattern, GhC-SENSE generates identical images as the matrix-decoding method, but with reduced computation complexity and time [34] . The computation time reduction in GhC-SENSE, however, is not as significant as predicted from the problem complexity reduction alone due to associated overhead operations [34] .
Both hybrid-space SENSE and split-slice-GRAPPA are applicable to CAIPI acquisitions. The performance of hybrid-space SENSE depends on the quality of the sensitivity maps, as in any SENSE-type reconstruction [20] . SNR loss and artifacts may arise at areas with poor or no sensitivity estimation. GRAPPA-type reconstruction may be more robust to imperfections in calibration data. With SENSE, Tikhonov regularization can be applied when solving the unknown magnetization in the spatial domain. With GRAPPA, similar regularization can be applied when solving the -space interpolation kernels. The different ways of applying the regularization may lead to non-identical effects. These differences between hybrid-space SENSE and split-slice-GRAPPA may lead to differences in their reconstruction as well as Nyquist ghosting correction performances. Split-slice-GRAPPA may also cost less computation time, yet a more thorough comparison of the reconstruction properties of hybrid-space SENSE and split-slice-GRAPPA for CAIPI undersampling patterns awaits future investigations.
Besides the periodic CAIPI undersampling patterns, hybridspace SENSE is also applicable to the randomly undersampled MICA pattern. Although MICA exhibits slightly lower overall retained SNR than CAIPI in Fig. 7 , it does have slightly higher retained SNR in some local regions. It is conceivable that for applications that have specific local ROIs, MICA might yield higher SNR for the targeted areas. The relative performance of different undersampling patterns also depends on the specific coil configuration and acquisition parameters. A thorough evaluation of the MICA SNR performance for different experimental setups would be a topic for future work.
It is worth noting that both the analytical and pseudo multiple replica -factor maps reflect only the thermal noise properties of the images. Although these maps can reflect actual noise prop-erties of phantom images, they do not reflect actual noise properties of in vivo data, which are contaminated by physiological noise in addition to thermal noise.
VIII. CONCLUSION
In this paper, hybrid-space SENSE reconstruction is proposed basing on the three-dimensional representation of SMS acquisitions. When periodic SMS undersampling patterns are applied, images reconstructed by hybrid-space SENSE exhibit comparable quality to those reconstructed by split-slice-GRAPPA. Furthermore, the hybrid-space SENSE reconstruction is compatible with arbitrary SMS phase encoding undersampling patterns, enabling an efficient reconstruction of randomly undersampled SMS data. Analytical -factor quantifies the SNR performance and facilitates a fair comparison between different SMS undersampling patterns. In addition, the matrix-decoding method improves the Nyquist ghosting correction for hybrid-space SENSE reconstruction by incorporating the slice-specific EPI effects into the encoding model. The matrix-decoding method is compatible with arbitrary SMS phase encoding undersampling patterns, including CAIPI and MICA.
